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Abstract

In game theoretic context, it is assumed that the decision maker has the extraordinary skills of
reasoning and calculation. This assumption is called “perfect rationality.” A player with perfect ra-
tionality can solve complex problems without making mistakes. However, recently, many studies
have restricted this rationality or the structure of game. These restrictions are called “bounded
rationality.” We, too, focus on bounded rationality, but with learning dynamics and complex net-
works. Learning dynamics and complex networks are widely used to describe the real world.
Therefore, our model employs decision makers with learning dynamics and describes the interac-
tion of decision makers as a network. The purpose of this study is to examine the behavior of the
decision maker with learning dynamics and the formation of networks by the interaction of deci-

sion makers.

1 Introduction

Recently, the term “network” has been com-
monly used to describe various situations.
Networks can be used to describe human rela-
tionships, transport and social systems, and so
on. In particular, the Internet is a familiar net-
work. It has undergone drastic changes in the
last few decades. The spread of the Internet has
facilitated the availability of many products
and services. Thus, the Internet is essential to
modern life. However, as a network evolves, it
generates many new problems. The influenza A
virus (HIN1), which was found in North
America and Mexico in 2009, spread rapidly
through the transport network. In addition,
computer viruses are spread all over the world
through the Internet. Thus, the expansion of
any network affects the world in numerous
ways. However, previous researches on net-
works have mostly failed to explain the modes
through which networks affect social situa-
tions and the nature of networks in the real
world. In most cases, networks that can be ob-
served in the real world have complicated struc-
tures. However, they have some typical
properties. These properties are either “small

world” or “scale-free.” With regard to small

world, Milgram’s experiment is most well-
known (Milgram, 1967). In his experiment,
Milgram directed each subject to send a letter
to a certain dealer through the subject’s
friends. Then, he observed how many people
the letter went thorough before it reached the
dealer. The average number of people the letter
went through was six. The “six degrees of
separation” principle was founded on the basis
of this experiment. Besides networks, scale
freeness, too, has been an object of interest. It
1s diffcult to perfectly predict the occurrence of
natural phenomena such as earthquakes.
Moreover, the factors that influence the magni-
tude of an earthquake cannot be determined.
However, many recent studies report that the
distribution of earthquake magnitude does not
follow the normal distribution but the power
law. This tendency is called scale freeness. In
the context of complex networks, it 1s often ob-
served that networks in the real world have a
degree distribution according to a power law.
Therefore, scale freeness is the one of property
of networks. In our study, we focus on human
interactions and relationships and describe
them within a network. A human relationship

1s said to be formed when an individual decides
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to accept another as a friend. In network for-
mation, the time taken by decision making
process affects the behavior of each person and
the shape of the network. The value of the rela-
tionship fluctuates according to the state of
each person. In the case where this value con-
forms to the law of diminishing marginal util-
ity, when one who has no friends forms a
network for the first time, he/she gets a higher
value than one who has many friends.
Naturally, the reverse is true; each person de-
sires to form a relationship with a popular per-
son. We suppose that each person makes
decisions based on his/her state and experience.
As such, the purpose of this study i1s to model
decision makers with learning dynamics, and
analyze how a network forms as a result of the

interaction among decision makers.

2 Network
2. 1 Graph

A network can be represented by an undi-
rected graph G=(V, E), where V={v;, v,,...,
v,} 1is the nonempty finite set of n wireless
nodes and £ is the finite set of edges. Let e;; de-
note the edge between v; and v; (i.e. e;=e;). In
this study, decision makers (or players) are
represented by nodes; and relationships by
edges.
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Figure 2.1: IV =5, |E1=7
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Figure 2.2: 1VI=5, |IEI=4

2. 2 Degree
A simple and important property of this net-
work is that the network’s degree is defined as
the number of edges linked with v; and is repre-
sented by k,. k; is defined by
k=2 e,
jev

The number of degrees differs by the kind of
graph. If P(k) is a distribution function of the
number of degrees and it is satisfies the follow-
ing power law:

P(k) ~k7
then the graph is scale free, where 7 is about 2
or 3 in a real world network (e.g., the
Internet).

2. 3 Distance

The distance /; between any two nodes v; and
v; is the length of (number of links in) the
shortest path. The average path length of v; is
denoted by
1

b= n—1 je‘;(i) Ly
and the average path length of the network is
denoted by
o 1
L= n 1€ZV: b= n(n—1) E/jer/;m Ly

A small world refers to the case where L is
small. In addition, when L is about six, the con-
dition 1is referred to as the “six degrees of sepa
ration.” In the case where L is finite, if L 1s
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maximized (i.e., our world is a complete graph)
and satisfies chain rules, we have

1 a—1 n—a
(L k+ LK) =
n—1 k=1 k=1

n+1
3

I
L= n agl(

2. 4 Clustering coefficient

Clustering originally means a group. The
clustering coefficient C is an indicator to ob-
serve how nodes link each other in the graph. If
v; has k; neighbors and k; +1 nodes are linked
with each other, then the possible number of
k,(k,—1)

2

edges that are actually linked. Let C; be the
clustering coefficient of v; defined by

edges is . Now, FE;is the number of

o E, 2
k(-1 k(k—1)°
2

In addition, the clustering coefficient of

\Z)
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Figure 2.3: Complete graph
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Figure 2.4: Lattice graph

graph is C defined by
c—Lxc,

The following figures show several types of
graphs. Of these, the BA model illustrated by
Figure 2.6 is note-worthy. This model was sug-
gested by Albert and Barabasi (Albert and
Barabasi, 2001), and is widely used for describ-

ing networks of the real world.

3 Dynamics

In this study, a network is formed if decision
makers agree with each other in game situa-
tions. In this section, we define the structure of
the game and learning dynamics.

3.1
We consider a node in the network as a

Strategic form game

@

Figure 2.5: Random graph
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Figure 2.6: Barabasi and Albert (BA) model
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Table 3.1: Payoff matrix

/] Offer Not Offer
Offer (m;(k)—¢, m(k)—c) (—=¢, 0)
Not Offer 0, —o (—¢ —0

player. Two selected players have to repeatedly
decide whether or not to link with his/her op-
ponent. This decision making is described by
the repeated strategic form game. In this game,
each player has two strategies available: Offer
and Not Offer. Offer implies a positive attitude
toward the link. Not Offer implies the opposite.
Thus, if as a result of the decisions (Offer,
Offer) 1is achieved, then the two players are
linked. Otherwise, the players are not linked.
Table 3.1 shows the payoff matrix of this
game. Let 7 denote the profit of the relation-
ship, which is a function of k. We assume that
the decision making needs time, effort, money,
and so on. Therefore, let ¢ denote the cost of de-
cision making. 7 depends on the degree of the
network. 7, when represented as a product of
the degree, implies an interdependent relation-

Jk+1
1 ><<1+ - >
k

ship:

m(kyk;) = 3

V(i +1)

S p—— R L]

NECESD) 5

3. 2 Simple learning

We adopt two types of learning dynamics.
One is simple learning (Roth and Erev, 1995)
and the other is best response dynamics
(Berger, 2005). Simple learning is based on
past experience. If players feel that their own
behaviors or strategies are success, they tend
to follow them. In other words, the probability
of choosing successful behavior increases. For
any player i, given the tendency of choosing
pure strategy k of the ¢-th period denoted by
q;(1), the simple learning process is described

as follows.

1. At period t=1 (before any experience has
been acquired), each player i has an initial
propensity to play his/her pure strategy
k, denoted by some number g, (1).

2. 1If player i plays his/her pure strategy k
at period t and receives payoff z,.(¢), then
the propensity to play strategy k is up-
dated by setting ¢, (t+1) =q; (1) +
z,;,(1), while for all other pure strategies
l qﬂ(t—I—l) :qil(t).

3. The probability p;(¢) that player i plays
his/her pure strategy k at period t is

o Qik(t)
Pull) =5 gty

where S 1s the finite set

of pure strategies for 1.

3. 3 Best response dynamics (fictitious play)
In simple learning, a player need not have
complete information of the game (e.g., oppo-
nent payoff, strategies, and so on). However,
some players make efforts to recognize the
structure of the game. In this case, based on ad-
ditional information, players can estimate how
to maximize their payoff. Best response dy-
namics 1s based on this concept. Suppose ¢ and
J are players adopting best response dynamics.
{1, 2,..., nte S;and {1, 2,..., m}e S; are the sets

of pure strategies for i and j. At period ¢, k, is

the strategy of i and [, is the strategy of j. The
sequence (k,, [,),y1s a simultaneous fictitious
play process if for all tEN, given (k,, [,),

k,  €BR.(y(1)), I, ,EBR;(x(1))
is satisfied, where BR,(+) and BR,(-) are the

pure strategy best response correspondences.
Moreover, the beliefs x(¢) and y(¢) satisfy

1 ¢ 1 ¢
() =— Xk, y(t) =— X Is.
1 s=1 T s=1
4 Simulation

To observe the interaction of players and the

network formation process, we conducted a
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seven-step computer simulation experiment as
described below. Our simulation runs in follow-
ing seven steps. Figure 4.1 shows our simula-
tion process.

1. Start with player v;.

2. Randomly choose another vertex.

3. Play a 100-period repeated game with the
chosen player.

* The initial state is randomly determined.
* Decide the strategy from learning mod-
els.

4. Decide whether to link or not. A relation-
ship is formed only when (Offer, Offer)
is achieved with high frequency.

5. Repeat 2 through 4 with players v, to v,,.

. Repeat 1 through 5 T times.

7. Stop.

5 Result

Due to spatial limitations, this paper includes
only eight patterns of the parameter. There are
only 100 players in each case; however, the
same observation applies to the cases in which

there are more players. Figures 5.1, 5.2 and 5.3

Figure 4.1: Simulation

illustrate the cases in which there are only sim-
ple learning players, while Figures 5.4 and 5.5
1llustrate the cases in which there are only best
response dynamics players. In the case of sim-
ple learning, we can observe a state similar to
the real world except for the average edge
length. In particular, although Figure 5.1 ap-
pears to be different, the clustering coefficient
1s 0.246 and the average degree is 23.26. These
values are similar to the values observed in the
real world. As mentioned previously, L=6 in
the real world. However, the average distance is
less than six in each case.

Best response dynamics is strongly affected
by cost. In the case where the cost is low
(¢=0.2), some players have a few friends, and
the clustering coeffcient is positive. However,

in the case where the cost is greater than 0.4,

Figure 5.2: Simple learning, |V1=100, ¢ =0.4
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Table 5.2: Result of best response dynamics

Fig. 5.4 Fig. 5.5
Clustering 0.03 0.0
Average distance 3.413 1.05
Average degree 1.54 1.06

Figure 5.3: Simple learning, 1V 1=100, ¢ =0.7

Table 5.1: Result of simple learning

Fig.5.1 | Fig.5.2 | Fig.5.3
Clustering 0.246 0.058 0.00
Average distance 1.776 3.098 4.98
Average degree 23.26 4.86 2.68

Figure 5.7: Hybrid, |V1=100, ¢ =0.4

Figure 5.4: Best response dynamics, |V1=100, ¢ =0.2
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Figure 5.5: Best response dynamics, |V1=100, ¢ =0.4 -
Figure 5.8: Hybrid, 1V1=100, ¢ =0.7
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Table 5.3: Result of hybrid

Fig. 5.6 | Fig.57 | Fig. 5.8
Clustering 0.164 0.023 0.00
Average distance 2.358 4.508 6.455
Average degree 8.72 2.66 1.879

almost all players have only one friend.

Compared to the case of simple learning, this is
an extreme result and cannot describe the real
world.

We refer a mixture of dynamics as “Hybrid.”
In this paper, we focus on the case in which the
two types of players are equal in number. In
this case, we can observe networks that have
characteristics similar to simple learning.
Moreover, the degree distribution in this case is
quite from that in other two cases. Figures 5.9
andb.10 show the degree distribution of the
case in which the cost is 0.4. The lines in these
figures represent the power law for different
data values. In particular, the degree distribu-
tion of Figure 5.10 is similar to that of the net-
work in the real world. From this viewpoint,
one may say that the network in the hybrid
case is similar to that in the real world.

6 Conclusion

In this study, we modeled decision makers
based on two types of learning dynamics. In ad-
dition, we observed the types of network
formed by these decision makers. To observe
this, we conducted a computer simulation ex-
periment. In the simple learning model, it
seems that the network is similar to that in the
real world; however, the average distance is
smaller than that in the real world. In other
words, the world of this model is small in scale
as compared to the real world. In contrast, we
find that the network of the best response dy-
namics model is widely different from the net-
work in the real world. The result of the hybrid
model is remarkable. The properties of the net-
work in this model are similar to that of the

Figure 5.9: Degree distribution of simple learning

Figure 5.10: Degree distribution of hybrid

BA model. That is, there exist some “hub”
players with many edges. Therefore, the degree
distribution follows the power law observed in
the network in the real world.

We conducted a series of experiments and
made observations; however, there is room for
further investigation. For example, in order to
describe the real world more precisely, we will
construct a simulation considering other types
of decision making and include a mixed ratio of
the types.
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